1 This paper first introduces a new approach for studying bi-capacities and the bipolar Choquet integrals based on ternary-element sets. In the second half of the paper, we extend our approach to bi-capacities on fuzzy sets. Then, we propose a model of bipolar Choquet integral with respect to bi-capacities on fuzzy sets, and we give some basic properties of this model.
Introduction
The Choquet integral with respect to a capacity [4] (fuzzy measure [13, 2, 14] , non-additive measure [6] , or generalized measure [15] ) was proposed by Murofushi and Sugeno [12] . It was introduced by Choquet [4] in potential theory with the concept of capacity. Wu and Huang [16] generalized Choquet integral on fuzzy sets.
The area of applications of capacity and Choquet integral, has been greatly expanded in the different fields, especially in the field of decision theory. However, classical capacity and Choquet integral are not suitable in some situations such as decision behaviors, in particular when the underlying scales are bipolar (see, [11] ). Recently, Grabisch and Labreuche [7] proposed the concept of bi-capacity as a generalization of capacities, who consider the case where scores are expressed on a bipolar scale.
The bipolar Choquet integral with respect to bicapacities introduced in [8] as a generalization of the Choquet integral. An exhaustive survey of bipolarity and its possible applications has been published [9] . A further generalization is that of leveldependent bipolar Choquet integral [10] .
The aim of the paper is to presents a bicapacities and its integrals on fuzzy sets. First, we present a new approach for studying bi-capacities and the bipolar Choquet integrals through introducing a notion of ternary-element sets, which is alternative approach from defined by Grabisch and Labreuche [7] , [8] . It is important approach because attaching a polarity to each element is an easier than attaching a polarity to sets, and allows a simple way to prove new results on bi-capacities and its integrals as it was done for capacities. Consequently, according to this approach, we introduce bi-capacities on fuzzy sets. Then, we propose a model of bipolar Choquet integral with respect to bi-capacities on fuzzy sets, and we give some basic properties of this model.
The structure of the paper is as follows. In the next section we introduce a new approach of ca-pacities and its integrals based on binary-element sets. Section 3 presents bi-capacities and its integrals based on ternary-element sets. In Section 4, we introduce the Choquet integral on fuzzy sets. In Section 5, we propose the bipolar Choquet integral with respect to bi-capacity on fuzzy sets. The paper finishes with some conclusions. Throughout the paper, we will consider R + or [0, 1] to be prototypical unipolar scales, while R and [−1, 1] with 0 as neutral level will be considered as prototypical bipolar scales.
2 Capacities and its integrals based on bi-element sets
Capacities based on bi-element sets
In the context of multi-criteria decision making problem, we shall consider each single criterion has either positive effect (i.e., positively important criterion of weighted evaluation not only alone but also is interactive with other) or has negative effect (i.e., negatively important criterion). Therefore, it is necessary that we deal with the concept of the "negatively important criterion", that is, the existence of some criteria harms the evaluation of others. Thus, we can represent the criterion i as i + whenever i is positively important, and as i − whenever i is negatively important, and we call this element a binaryelement (or simply bi-element).
The binary-element set (or simply bi-element set) is the set which contains either i + or i − for all i, i = 1, . . . , n. That is, a bi-element set A is the set of the form A := {τ 1 , . . . , τ n } where τ i = i + or i − , ∀i = 1, . . . , n. Accodingly, we can define the characteristic function of an element i for the desired bi-element set A as follows:
For this situation, we can describe the set of all possible combinations of binary elements of n criteria (the set of all bi-element sets) given by
which is corresponds to power set in the notation of classical set theory. The set of all bi-element sets B
can be identified with {0, 1} n , hence |B| = 2 n . Also, any bi-element set A ∈ B can be written as a bi-
We introduce the inclusion relation ⊆, cardinality, complement, difference, union, and intersection of bi-element sets of B as follows.
-Let B be the set of all bi-element sets and A, B ∈ B. Then, A ⊆ B iff ∀ i ∈ X := {1, . . . , n},
Note that,
-The cardinality of the bi-element set A ∈ B is number of important elements i + in A, denoted by a + . That is,
where
-For any bi-element set A ∈ B, we de-
-Let B be the set of all bi-element sets and A, B ∈ B. Then, the set difference of A whenever A ⊆ B is defined by
-Let B be the set of all bi-element sets and A, B ∈ B. The union, A ∪ B of A and B is defined by,
-Let B be the set of all bi-element sets and A, B ∈ B. The intersection, A ∩ B of A and B is defined by,
The following definition is equivalent definition of capacities based on notion of bi-element sets.
Definition 1 Let B be the set of all bi-element sets.

A set function (i) µ(X
We interpret a value µ(A) of a capacity, as the "degrees of importance" of bi-element set A ∈ B.
A capacity µ(A) in the context of multicriteria decision aid, when alternatives are evaluated on the [0, 1] unipolar scale, assigns to every A ∈ B a number in [0, 1], which is the overall score of the binary alternative (τ 1 , . . . , τ n ) with τ i = 1 (full satisfaction) if i + ∈ A, i.e. on positively important elements in A, and τ i = 0 (full non satisfaction) if i − ∈ A, i.e. according to the negatively important elements in A. For example, in evaluating students in a high school with respect to three subjects: Mathematics (M), Physics (P) and Literature (L). The alternative consists of observing the subjects where a student has qualified. The possible outcomes of the alternative are the set of all possible combinations of binary elements of criteria M, P, and L. That is,
For instance, the meaning of the bi-element set {M + , P + , L − } is as follows: the alternative on the set of subjects M, P, and L in which Mathematics and Physics are positively important while Literature is negatively important. Thus, the capacity µ({M + , P + , L − }) is interpreted as the overall assessment of the bi-element
The Choquet integral based on the bielement sets
In this subsection, we introduce an equivalent model of Choquet integral with respect to capacities based on the bi-element sets. We assume that to each alternative in multi-criteria decision making problem is described by a vector
and we consider a bi-element set X + = {i + | x i + ∈ R for each i ∈ {1, . . . , n}}. Thus, we define the Choquet integral with respect to capacity of real input x as follows. 
An equivalent expression for the equation (3) is
with the same notation above and µ({A 0 }) := 0.
From the definition of the Choquet integral with respect to capacity based on bi-element set, we immediately see the following property. 
where For the sake of clarity, let us give the following numerical example. Example 1: For n = 3, let us consider x = (4, 6, −3). Applying the Choquet integral with respect to the capacity based on bi-element sets (Formula (3)) we obtain Ch µ (4, 6, −3)
bi-capacities based on ternary-element sets. So we are going to work on the scale [-1, 1] and we will say that [0,1] is the degree of satisfaction (or "positive part") and [-1,0] the degree of non satisfaction (or "negative part"), where 1 is the full satisfaction and -1 the full non satisfaction. In this construction an interesting point is 0. It is the middle point between the full satisfaction and the full nonsatisfaction. So we will consider that it represents the "neutral part".
The idea is to extend the notion of bi-element sets, and define a concept that gathers all combinations of positive, negative, and neutral values on the criteria. For this situation, we assume that, for every criterion i has either positive effect (i.e., i is positively important criterion), or has negative effect (i.e., i is negatively important criterion), or has no effect (i.e., i is criterion at neutral level). Hence, we represent the element i as i + whenever i is positively important, as i − whenever i is negatively important, and as i / 0 whenever i is neutral, and we call this element a ternary-element (or simply ter-element). The ternary-element set (or simply ter-element set) is the set which contains only out of i + , i − , and i / 0 for all i, i = 1, · · · , n. Thus, in our model we consider the set of all possible combinations of ternary elements of n criteria given by
which corresponds to Q in the notation of classical bi-capacities ( [7] ).
Note that, T can be identified with {−1, 0, 1} n , hence |T | = 3 n . Also, simply remark that for any ter-element set A ∈ T , A is equivalent to a ternary
We introduce the order relation ⊑ between terelement sets of T as follows.
Definition 3 Let T be the set of all ter-element sets and A, B ∈ T . Then, A ⊑ B iff ∀ i ∈ X,
"if i + ∈ A implies i + ∈ B", and
Based on the notion of ter-element sets, the following definition gives an equivalent definition of bi-capacities. 
Bi-capacity based on ter-element set ν(A), ∀ A ∈ T is exactly the overall score or utility of the ternary alternative (τ 1 , . . . , τ n ) with 
The order ⊆ on T
Bi-capacities are functions defined on the structure of the underlying partially ordered set [5] .
There are several orders on the structure Q have introduced by Grabisch and Labreuche [7] and Bilbao et al. [3] . In this subsection, we introduce an order on the structure T different from the order (⊑) described in Subsection 3.1 (Definition 3). We consider the following definition of an order on T which is equivalent to Bilbao order on bicooperative game [3] . For convenience, we denote by ⊆ the order relation defined on T as in the equation (1), and we will use the order ⊆ on T to establish our next results of this research.
Definition 5 Let T be the set of all ter-element sets and A, B
and
Furthermore, in this order:
-the number of positively important elements i + of the ter-element set A ∈ T , denoted by a + , is
, where,
-the number of negatively important elements i − of the ter-element set A ∈ T , denoted by a − , is
-the cardinality of the ter-element set A ∈ T is
-for any ter-element set A ∈ T , we define the
-for all A, B ∈ T , the set difference of A when-
-for all A, B ∈ T , the union, A ∪ B of A and B is defined by,
-for all A, B ∈ T , the intersection, A ∩ B of A and B is defined by,
The bipolar Choquet integral based on the ter-element sets
In this subsection, we present bipolar Choquet integral model with respect to bi-capacity based on the ter-element set of real input x. The basic idea underlying this model is for an input vector x = (x τ 1 , . . . , x τ i , . . . , x τ n ), x τ i ∈ R with i ∈ {1, . . . , n}, we consider a ter-element set X * := {τ 1 , . . . , τ n } with
. . , n. Thus, we define the bipolar Choquet integral with respect to bi-capacity based on ter-element set of real input x as follows. (10) where An equivalent expression for the equation (9) is
Definition 6 Let T (X) be the set of all ter-element sets and ν : T (X) → [−1, 1], be a bi-capacity based on ter-element set. Then, the bipolar Choquet integral of x with respect to ν is given by
with the same notation above and ν({A 0 }) := 0.
From the definition of the bipolar Choquet integral with respect to the bi-capacity based on ter-element set, we immediately see the following property. (12) or as
Proposition 2 Let T (X) be the set of all terelement sets and ν : T (X) → [−1, 1], be a bicapacity based on ter-element set. Then, the bipolar Choquet integral of x with respect to ν is given by
where The following numerical example illustrates the use of the bipolar Choquet integral with respect to bi-capacity based on the ter-element sets. Example 2: [Example 1 continued] Applying the bipolar Choquet integral with respect to bi-capacity based on the ter-element sets (Formula (10)) we obtain Ch ν (4, 6, −3)
Proposition 3 For positive input vectors the bipolar Choquet integral with respect to bi-capacity and Choquet integral with respect to capacity coincide.
Proof: Clear from the definition of the bipolar Choquet integral with respect to the bi-capacity based on the ter-element sets.
Choquet integral on fuzzy sets
In this section, we propose a new approach for studying Choquet integral on fuzzy sets through introducing a notion of fuzzy binary-element sets, which is alternative approach from defined by Wu and Huang [16] . We denote the set of all fuzzy bi-element sets byB, and we introduce the complement, inclusion relation, union, and intersection between fuzzy bielement sets ofB as follows. -LetB be the set of all fuzzy bi-element sets andÃ,B ∈B. Then,B ⊆Ã holds iff
Fuzzy bi-element sets
-LetB be the set of all fuzzy bi-element sets and A,B ∈B. The union,Ã ∪B ofÃ andB is defined
-LetB be the set of all fuzzy bi-element sets and A,B ∈B. The intersection,Ã ∩B ofÃ andB is
Capacity on fuzzy sets
Let us consider algebras of fuzzy bi-element sets as a base for defining capacities on fuzzy sets, and we shall always denote a fuzzy algebra of fuzzy bi-element sets byB. Definition 8 A fuzzy algebraB is a nonempty subclass ofB with the following properties:
Based on the above definitions, we define capacity on fuzzy sets as follows.
Definition 9 A fuzzy set functionμ :B → [0, ∞], is called capacity on fuzzy sets if it satisfies the following requirements:
µ({1 − , · · · , n − }) = 0, µ(B) ≤μ(Ã) wheneverB,Ã ∈B withB ⊆Ã.
Choquet Integral based on bi-element sets on fuzzy sets
In this subsection, we can generalize the definition of Choquet integral based on bi-element sets (Definition 2) to fuzzy capacities on fuzzy sets. The Choquet integral based on bi-element sets of real input x with respect to capacity on fuzzy setsμ we will denote by Cμ(x), and we define it as follows. Definition 10 Letμ be a capacity on fuzzy set. The Choquet integral of x with respect toμ is given by (14) whereÃ
(σ(n − ), 0)}, and σ is a permutation onX + so that x σ(1 + ) ≥ ··· ≥ x σ(n + ) with the convention x σ((n+1) + ) := 0. An equivalent expression for the equation (14) is
with the same notation above andμ({Ã 0 }) := 0. (14)):
Note that the definition 10 remains valid ifμ is a capacity on crisp set and the Choquet integral with respect to capacity on fuzzy sets reduces to Choquet integral with respect to capacity on crisp set.
5 Bipolar Choquet Integral on fuzzy sets
Fuzzy ter-element sets
For any ter-element set A ∈ T , the character- 
where the value MÃ(i) is called degree of membership of i inÃ with MÃ(i)
We denote the set of all fuzzy ter-element sets byT , and we introduce the complement, inclusion relation, union, and intersection between fuzzy terelement sets ofT as follows.
-LetT be the set of all fuzzy ter-element sets and A ∈T . The complement,Ã c ofÃ is defined by the following membership function,
-LetT be the set of all fuzzy ter-element sets andÃ,B ∈T . Then,B ⊆Ã holds iff
-LetT be the set of all fuzzy ter-element sets and A,B ∈T . The union,Ã ∪B ofÃ andB is defined
-LetT be the set of all fuzzy ter-element sets and A,B ∈T . The intersection,Ã ∩B ofÃ andB is
For example, when n = 3, theÃ andB are fuzzy ter-element sets defined by the following membership functions
Then,Ã ⊂B,
Bi-capacity on fuzzy sets
Let us consider algebras of fuzzy ter-element sets as a base for defining bi-capacities on fuzzy sets. We shall always denote a fuzzy algebra byT . Definition 12 A fuzzy algebraT is a nonempty subclass ofT with the following properties:
Based on the above definitions, we define bicapacity on fuzzy sets as follows.
Definition 13 A fuzzy set functionν :T → R , is called bi-capacity on fuzzy sets if it satisfies the following requirements:
(i)ν({1 ϕ , · · · , n ϕ }) = 0, (ii)ν(B) ≤ν(Ã) wheneverB,Ã ∈T withB ⊆Ã.
Bipolar Choquet Integral on fuzzy sets
In this subsection, we can generalize the definition of bipolar Choquet integral (Definition 6) to bi-capacities on fuzzy sets. For an input vector
The bipolar Choquet integral model of real input x with respect to bi-capacity on fuzzy setsν we will denote by Cν(x), and we define it as follows. Definition 14 Letν be a bi-capacity on fuzzy set. The bipolar Choquet integral of x with respect toν is given by (16) where
An equivalent expression for the equation (16) is BCν
with the same notation above andν({Ã 0 }) := 0.
For the sake of clarity, let us give the following numerical example. Example 4: [Example 1 continued] For n = 3, let us consider x = (4, 6, − 3). The bipolar Choquet integral of x with respect toν is calculated as (Formula (16)
Note that the definition 14 remains valid ifν is a bi-capacity and the bipolar Choquet integral with respect to bi-capacity on fuzzy sets reduces to bipolar Choquet integral with respect to bi-capacity.
We now state some properties satisfied by the proposed approach. The first shows the bipolar Choquet integral with respect to bi-capacity on fuzzy sets of ternary alternatives (1Ã, −1Ã, 0Ã) equalsν(Ã) as shown by the following result.
Proposition 4 For any bi-capacity on fuzzy sets (ν) onT ,
Proof: For ternary vector (1Ã, −1Ã, 0Ã),
Therefore, from the bipolar Choquet integral with respect to bi-capacity on fuzzy sets (Formula (16)), we have, Cν(1Ã, −1Ã,
Thus,
Cν(1Ã, −1Ã, 0Ã) =ν(A), ∀ A ∈ T (X),Ã ∈T .
The next property shows that the bipolar Choquet integral with respect to bi-capacity on fuzzy sets satisfy the monotonicity. Proof: First, we assume that for any τ i ∈ {i
. Also, we assume that for all elements of X, the order of each element is the same, i.e., |x σ(τ 1 ) | ≥ ··· ≥ |x σ(τ n ) | and |x ′ σ(τ 1 ) | ≥ ··· ≥ |x ′ σ(τ n ) |. Firstly, we prove the monotonicity of this case.
Using the equivalent expression of bipolar Choquet integral with respect to bi-capacity on fuzzy sets (Formula (17)), we have, then Cν(x) ≥ Cν(x ′ ) is proved within the range that the order of values of each element of x and x ′ does not change. Thus, by repeating the above procedures two times at the point of the change of the order, if x τ i > x ′ τ i then Cν(x) ≥ Cν(x ′ ) can be proved even in the range with the change of the order. By applying this procedure successively for each i, the proposition can be proved.
Conclusion
In this paper, we defined a bi-capacity based on ter-element set, satisfying properties similar to the classical definition of bi-capacities. According to this definition, we have presented an approach for studying bi-capacities on fuzzy sets. Then, we have proposed a model of bipolar Choquet integral on fuzzy sets, and we gave some basic properties of this model. The applications of the bipolar Choquet integral on fuzzy sets in many actual fields, such as decision making, pattern recognition, and medical diagnosis, are open questions for future research.
